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Incompressible ﬂuid ﬂows
with variable viscosityAbstract Navier–Stokes Equations (NSE) are considered as basics of different ﬁelds of science and
engineering. This study discusses exact solution of incompressible ﬂuids with variable viscosity of
speciﬁed ﬂuid ﬂow in the absence of external forces. Exact solutions of NSE describe the dynamics
of ﬂuid ﬂow in a better way than other approximate methods. In this study ﬂuid ﬂow with the gen-
eral function of degree ﬁve has been discussed through the solution of ordinary differential equa-
tions. Martin’s coordinates and von Mises variables are used to transform NSE into more simple
system of ordinary differential equations, which then provide exact solutions subject to different
cases. Final solutions are simpliﬁed using MATLAB routine. Streamline pattern for the ﬂuid ﬂows
is also plotted for different cases.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
French engineer Claude Louis Marie Henri Navier introduced
the motion of incompressible ﬂuids in 1822, now known as
Navier–Stokes equation. Later, NSE was reproduced and jus-
tiﬁed by researchers in their own way at different times [1].
Despite having inconsistent behavior of solutions, NSE are
still considered to be basics of ﬂuid mechanics universally.Not only this but also researchers, nowadays are using NSE
extensively in different ﬁelds of science, for e.g. Geology,
Meteorology, Car industries, Oil industries and Medicine [2].
Exact solution plays an important role in the ﬁeld of math-
ematics as they help in inquiring the delicacy of approximation
methods. Results for different methods for exact solutions for
NSE have been developed by researchers can be found in
[3–28], and the papers therein.
Martine studied the behavior of incompressible ﬂuid ﬂow
with variable viscosity. Martin introduced the generalized
energy function and vorticity function to reduce the 2nd order
of the leading equations to 1st order. Martine utilized curvilin-
ear coordinates u;w, whereas w represents constant are
streamlines for plane ﬂow, and u are coordinate lines as con-
stant are left arbitrary [28].
Martin’s method was extended to achieve exact solution of
incompressible NSE with variable viscosity by introducing
streamfunction by Naeem and S.A. Ali [25]. Arbitrary natures Eng J
2 M.S. Khan et al.of streamfunction helped Naeem in relating temperature to
viscosity in various ways. Naeem and S.A. Ali, reduced non-
dimensional equations leading incompressible ﬂuid with
variable viscosity of steady-plane motion to new system of
equation by introducing generalized energy function and
streamfunction. Naeem converted the equations leading
steady-plane ﬂow for an incompressible ﬂow with variable vis-
cosity to a system of 2nd order ODE by employing one
parameter-group approach [22]. Naeem opts speciﬁc method-
ology for solving 2nd order ODE, and suggested that by opt-
ing other one parameter-group, more solutions can be
determined for ﬂow equations which are undetermined by
known methods.
In this paper we have extended Naeem’s and S.A. Ali
approach to ﬁnd some exact solutions to the ﬂuid ﬂow of
steady state, incompressible nature and variable viscosity with
general function(s) of degree ﬁve in the absence of any external
force. Section 2 consists of basic ﬂow equations with transfor-
mation into a new system of equations. In Section 3, exact
solutions are proposed with the help of streamfunction in func-
tional form, one involving an arbitrary function(s) and another
in the absence of streamfunction. Arbitrary characteristics of
function(s) helped in establishing many exact solutions for
NSE. General form of solution is developed subject to condi-
tions discussed. Two examples are discussed, one for each case
in Section 4. Conclusion is given at the end in Section 5.
2. Basic equations with transformation
Basic ﬂow equations of steady state, incompressible nature and
variable viscosity but keeping thermal conductivity constant
are given as follows:
ux þ vy ¼ 0 ð2:1Þ
uux þ vuy ¼ Px þ 1
Re
2luxf gx þ lðuy þ vxÞ
 
y
h i
ð2:2Þ
uvx þ vvy ¼ Py þ 1
Re
2lvy
 
y
þ lðuy þ vxÞ
 
x
h i
ð2:3Þ
uTx þ vTy ¼ 1
PrRe
ðTxx þ TyyÞ
þ Ec
Re
2lðu2x þ v2yÞ þ lðuy þ vxÞ2
h i
ð2:4Þ
The symbols used in above equations are interpreted in
Annex (E-1), deﬁning vorticity function x and total energy
function L as follows:
x ¼ vx  uy;L ¼ pþ ðu
2 þ v2Þ
2
 2lux
Re
ð2:5; 2:6Þ
Using vorticity function and total energy function, basic
ﬂow equations are transformed as follows:
ux þ vy ¼ 0 ð2:7Þ
vx ¼ Lx þ 1
Re
lðuy þ vxÞ
 
y
h i
ð2:8Þ
ux ¼ Ly þ 1
Re
4luxf gy þ lðuy þ vxÞ
 
x
h i
ð2:9ÞPlease cite this article in press as: Khan MS et al., Solutions of equations of motion
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PrRe
ðTxx þ TyyÞ
þ Ec
Re
2lðu2x þ v2yÞ þ lðuy þ vxÞ2
h i
ð2:10Þ
By employing Martins coordinates ðu;wÞ [15] and [28],
transformed Eqs. (2.7)–(2.10) to the following system of
equations:
q ¼
ﬃﬃﬃ
E
p
W
ð2:11Þ
Jx ¼ JLw þ A/
2E
F2  J2  sin 2aþ 2FJ cos 2a 
 Aw F sin a cos aþ J cos2 2a
 
þM/
E
F2 cos 2aþ 2FJ sin 2aþ J2 cos 2a 
þMw F cos 2a J sin 2að Þ ð2:12Þ
0 ¼ JL/ þ A/ F sin a cos a J sin2 a
 
 Aw E sin a cos að Þ þM/ J sin 2a F cos 2að Þ
þMw E cos 2að Þ ð2:13Þ
x ¼ F
W
	 

/
 E
W
	 

w
" #
ð2:14Þ
1
JPrRe
GT/  FTw
J
 
/
þ ETw  FT/
J
 
w
" #
¼ EcRe
4l
ðA2 þ 4M2Þ þ qT/ﬃﬃﬃ
E
p ð2:15Þ
K ¼ 1
W
WC211
E
 
w
 WC
2
12
E
 
/
" #
ð2:16Þ
On the other hand / and w are independent variables. In
Eqs. (2.12)–(2.15), functions A, E, F, G, M and W= J are
given as follows:
A ¼ 4l
JRe
Fsinaþ J cos aﬃﬃﬃ
E
p
 
q/ cos aq sin aa/
 

ﬃﬃﬃ
E
p
sin a qw cos a q sin aaw
 
M¼ l
JRe
q/
F cos2aþ J sin2aﬃﬃﬃ
E
p
 
þ qw
ﬃﬃﬃ
E
p
cos2aþ q F sin2aþ J cos2aﬃﬃﬃ
E
p
 
a/  q
ﬃﬃﬃ
E
p
sin2aaw

E ¼ x2/ þ y2/;F ¼ x/xw þ y/yw;G ¼ x2w þ y2w
J ¼ ðEG F2Þ12 ¼ ðx/yw  y/xwÞ ¼ W
Where
C211 ¼
1
2W2
EEw  FE/ þ 2EF/
 
C212 ¼
1
2W2
EG/  FEw
 of incompressible fluid with general function of degree five, Ain Shams Eng J
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Z
J
E
C211d/þ C212dw
 
The inconsistency of new system is obvious as there are six
Eqs. (2.11)–(2.16) with seven unknowns E, F, G, L, q, T and
W. The reason for this is that the coordinate curve
/ðx; yÞ= constant is of arbitrary nature. Naeem chose
ðu;wÞ system to orthogonal, that is F is zero [15]. Here the
system is made determined by using von-Mises coordinates
ðx;wÞ that is u ¼ x. Von-Mises variables x;w have served in
numerical and analytical studies for ﬂuid ﬂow equations [14]
and [29–31].
Therefore the system (2.11)–(2.16), on introducing
von-Mises coordinates ðx;wÞ; becomes the following:Jx ¼ JLw þ Ax
2E
ðF2  J2Þ sin 2aþ 2F cos 2a 
 Aw F sin a cos aþ J cos2 a
 
þMx
E
F2 cos 2aþ 2FJ sin 2aþ J2 cos 2a 
þMw F cos 2a J sin 2að Þ ð2:17Þ
0 ¼ JLx þ Ax F sin a cos a J sin2 a
 
 Aw E sin a cos að Þ þMx J sin 2a F cos 2að Þ
þMw E cos 2að Þ ð2:18Þ
x ¼ 1
W
F
W
	 

x
 E
W
	 

w
" #
ð2:19Þ
1
JPrRe
GTx  FTw
J
 
x
þ ETw  FTx
J
 
w
" #
¼ EcRe
4l
A2 þ 4M2 þ qTxﬃﬃﬃ
E
p ð2:20Þ
whereE ¼ 1þ y2x; F ¼ yxyw; G ¼ y2w; J ¼ ðEG F2Þ
1
2
¼ ðyw  yxÞ ¼ W
A ¼ 4l
JRe
Fsinaþ J cos aﬃﬃﬃ
E
p
 
qx cos aq sin aaxf g


ﬃﬃﬃ
E
p
sin a qw cos a q sin aaw
 i
M¼ l
JRe
qx
Fcos2aþ J sin2aﬃﬃﬃ
E
p
 
þ qw
ﬃﬃﬃ
E
p
cos2aþ q F sin2aþ J cos2aﬃﬃﬃ
E
p
 
ax  q
ﬃﬃﬃ
E
p
sin2aaw

q ¼
ﬃﬃﬃ
E
p
W
; C211 ¼
1
2W2
EEw  FEx þ 2EFx
 
;
C212 ¼
1
2W2
EGx  FEw
 
;
a ¼
Z
J
E
C211dxþ C212dw
 Please cite this article in press as: Khan MS et al., Solutions of equations of motion
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In this section we determine the general solution of considered
class for the ﬂuid ﬂow deﬁning the streamlines using the equa-
tion of the form:
yDðxÞ
IðxÞ ¼ constant ð3:1Þ
where both the functions in x are continuously differentiable.
For a speciﬁed ﬂow pattern, above equation becomes the
following:
y ¼ DðxÞ þ IðxÞhðwÞ ð3:2Þ
where hðwÞ is an unknown function such that h0ðwÞ– 0.
Using Eq. (3.2), the functions deﬁned in previous chapter E,
F, G and J become the following:
E ¼ 1þ D0ðxÞ þ I0ðxÞhðwÞ½ 2 ð3:3Þ
F ¼ IðxÞD0ðxÞ þ IðxÞI0ðxÞhðwÞ½ h0ðwÞ ð3:4Þ
G ¼ I2ðxÞh02ðwÞ ð3:5Þ
J ¼ W ¼ IðxÞh0ðwÞ ð3:6Þ
where single prime stands for ﬁrst derivative with respect to
independent variable. Use above simpliﬁed equation for ﬁnd-
ing analytical solutions for the system of Eqs. (2.17)–(2.20)
deﬁning the family of streamlines described by the Eq. (3.2).
Let us compute the general differential form for our study,
recalling Eq. (3.2).
y ¼ DðxÞ þ IðxÞhðwÞ ð3:2Þ
Suppose IðxÞ ¼ 1, therefore I 0ðxÞ ¼ 0.
Say, S ¼ D0ðxÞ– 0. Where, h0ðwÞ– 0 and h00ðwÞ ¼ 0.
On computing values of IðxÞ, I0ðxÞ, h0ðwÞ, h00ðwÞ and S in
Eqs. (3.3)–(3.6), we get the following:
E ¼ 1þ S2; F ¼ Sh0ðwÞ; G ¼ h02ðwÞ; J ¼ h0ðwÞ;
W ¼ h0ðwÞ ðAÞ
On differentiating above, we get the following:
Ex ¼ 2SS0 and Ew ¼ 0 Fx ¼ S0h0ðwÞ and Fw ¼ 0;
Gx ¼ 0 and Gw ¼ 0; Jx ¼ Wx ¼ 0 and Jw ¼ Ww ¼ 0 ðBÞ
Also
C211 ¼
S0
h0ðwÞ and C
2
12 ¼ 0; a ¼ tan1ðSÞ
Utilizing Eqs. (A) and (B), Eqs. (2.17)–(2.20) transformed into
the following:
Lx ¼ 1
Re
S0S
h0ðwÞlx þ
S00S
h0ðwÞl
S2S0
h02ðwÞ
 
ð3:7Þ
Lw ¼ xþ 1
Re
S0lx 
SS0
h0ðwÞlw þ S
00l
 
ð3:8Þ
x ¼ S
0
h0ðwÞ ð3:9Þof incompressible fluid with general function of degree five, Ain Shams Eng J
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PrRe
1
h0ðwÞ ½ðS
0h0ðwÞÞTw þ ð1þ S2ÞTww
 2Sh0ðwÞTxw þ h02ðwÞTxx þ Ec
Re
S02
h0ðwÞ l ð3:10Þ
Eqs. (3.7)–(3.8), when computed in continuity equation
Lxw ¼ Lwx, implies the following:
2SS00
h0ðwÞ þ
S02
h0ðwÞ
	 

lw þ
2SS0
h0ðwÞ lwx  S
0lxx  2S00lx
 S000lþ xxRe ¼ 0 ð3:11Þ
where for stream ﬂow deﬁned by Eq. (3.2), functions hðwÞ and
lðx;wÞ must satisfy Eq. (3.11). Some examples for stream ﬂow
of the form (3.2) with the conditions applied here are discussed
in next section.Figure 1 Streamline pattern for y x5  x4  x3  x2  x
1 ¼ constant.4. Examples
We discuss two cases categorized as follows:
Case I: DðxÞ – 0.
Case II: DðxÞ ¼ 0.
Long division appeared while computing the ﬁnal form
of the solution. Manual computation of long division of
higher degree polynomials involved consumption of time
and patience. In order to save time, MATLAB routine is
used for computing ﬁnal equations of viscosity and temper-
ature. Streamlines are plotted for each example using
Mathematica.
Final solution consists of lengthy numerical form of con-
stants which have been replaced by symbolic form in both vis-
cosity l and temperature T. List of these symbols with their
values for case DðxÞ– 0 is given in Annex (E-2) and for case
DðxÞ ¼ 0 in Annex (E-3).
Example 1. Case I:
DðxÞ– 0
Consider the following streamlines
y x5  x4  x3  x2  x 1 ¼ constant
Eq. (3.2) yields the following:
y ¼ x5 þ x4 þ x3 þ x2 þ xþ 1þ hðwÞ ð4:1:1Þ
Here, S ¼ 5x4 þ 4x3 þ 3x2 þ 2xþ 1, as deﬁned in previous
section. Streamline pattern is drawn for the ﬂow deﬁned by
(4.1.1) as shown in Fig. 1.
We assume viscosity as follows: l ¼ f1ðxÞ þ c3w, where
f1ðxÞ is to be determine and c3 is constant. Using result
obtained (3.12) for viscosity l, we get the following:
f1ðxÞ ¼
1
S0 c3 S
000wþ S
02
h0
þ 2S
00S
h0
 
þ S
00Re
h0
 
dxdx
 
On computing values of S0;S00 and S000 in f1ðxÞ, following
expression is obtained for viscosity, l:Please cite this article in press as: Khan MS et al., Solutions of equations of motion
(2016), http://dx.doi.org/10.1016/j.asej.2016.05.004l ¼ c1xþ c2@3x3 þ @4x2 þ @5xþ @6
þ c3
@1xþ @2
@7x3 þ @5x2 þ @1xþ @2 w

þ 1
h0
 
@8ðx5 þ x4Þ þ @9x3  @10x2 þ @11x @12
þ @13x
2 þ @14x
@3x3 þ @4x2 þ @5xþ @6
!#
þ Re
h0
@15xþ @16 þ @17x
2  @18x @19
@3x3 þ @4x2 þ @5xþ @6
 
ð4:1:2Þ
We assume temperature as follows: T ¼ k1ðxÞ þ c4w, where
k1ðxÞ is to be determined and c4 is constant. Using result
obtained (3.11) for temperature T, we get the following:
k1ðxÞ ¼
Z
ef
Z
ðc5S0  c6S02lÞefdx
 
dx
On computing values of S0 and S02 in k1ðxÞ, following expres-
sion is obtained for temperature, T:
T ¼ c6 i1x8 þ ði2 þi3Þx7 þ ði4 þi5 þi6Þx6

þ i7 þi8 þ i9 þ i10ð Þx5 þ i11 þi7 þ i12 þi13 þi14ð Þx4
þ ði15 þ i16 þ i17 þ i18 þ i19 þi20Þx3
þ i21 þ i22 þ i23 þ i24 þ i25 þi26 þi27ð Þx2
þ i28 þi29 þi30 þ i31 þ i32 þ i33 þ i34 þi35ð Þx
 c5 i36x4 þ i37 þi27ð Þx3 þ i38 þ i39 þ i40ð Þx2

þ i41 þi42 þi43 þ i35ð Þx þ c4w ð4:1:3Þ
where values of constants cn are given as follows:
c6 ¼
PrEc
h02
; c5 ¼
c4
h0
and c1; c2; c4 all are nonzero arbitrary constants except c3 ¼ 0.of incompressible fluid with general function of degree five, Ain Shams Eng J
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DðxÞ ¼ 0
On substituting DðxÞ ¼ 0 in Eq. (3.2), we get:
y ¼ IðxÞhðwÞ ð4:2:1Þ
Consider the following streamlines
y ¼ 1
x5
hðwÞ ð4:2:2Þ
Such that, IðxÞ ¼ 1
x5
, h0ðwÞ – 0 and h00ðwÞ ¼ 0.
Streamline pattern is drawn for the ﬂow x5y ¼ constant, as
shown in Fig. 2.
Viscosity l satisﬁes the following expression:
10h
x3h0
Re þ lw
180x3
h0
 250h
2
h0x9
 
þ lxw
20x4
h0
 50h
2
x8h0
 
þ lx 
30h
x8
 
 125h
3
x9h02
lww 
5h
x7
lxx 
30h
x9
l ¼ 0 ð4:2:3Þ
And temperature T is satisﬁed by the expression:
Txx  x
5
h0
PrReTx þ 20
h
h0x2
Tw þ x
12 þ 25h2
x2h0
	 

Tww þ 10
h
xh0
Txw
þ 100x
8
h02
þ 25h
2
x4h02
	 

EcPrl ¼ 0 ð4:2:4Þ
Taking l ¼ RðxÞ, differential Eq. (4.2.3) takes the form:
l ¼ c7
x2
þ c8
x3
þ @20 Re
h0
x6 ð4:2:5Þ
For temperature we assume T ¼ pðxÞ þ rðxÞh2, Eq. (4.2.4)
becomes the following:
T ¼ 2
Z
ef
x6
6
Z
ef
x6
6 ðpðxÞ þ f1x8lÞdx
 
dxþ rðxÞh2 ð4:2:6ÞPlease cite this article in press as: Khan MS et al., Solutions of equations of motion
(2016), http://dx.doi.org/10.1016/j.asej.2016.05.004where c7, c8 are arbitrary constants. Value of f is listed in
Annex (E-2) and that of f1, pðxÞ and rðxÞ are in Annex (E-3).5. Conclusion
The importance of Navier–Stokes Equations in the ﬁeld of
Fluid Dynamics and other applied sciences is well known.
During investigation of exact solution for NSE for speciﬁed
ﬂow pattern, it was found that solution of NSE involving gen-
eral function of degree four or less is simple, but for degree ﬁve
or more, it was complicated. Two cases are discussed:
DðxÞ– 0 and DðxÞ ¼ 0. Where, General form of solution is
computed for viscosity function l and temperature T, for case
DðxÞ– 0 subject to conditions for IðxÞ and hðwÞ, which pro-
vides baseline for computing solution of higher degree equa-
tions with conditions for IðxÞ. Furthermore, various exact
solutions may be derived by varying conditions for IðxÞ.
Appendix A. Annex – (E-1): List of parametersoE;F;Gf incompressible fluid wCoeﬃcients of the fundamental elementsEc Eckert number =
U20
Cp0 l0Pr Prandtl number =
l0Cp0
k0Re Reynolds number = q0U0 lol0
Cp0 Reference speciﬁc heat at constant pressurel0 Reference viscosity
U0 Reference speedl0 Reference lengthk0 Reference thermal conductivity of the ﬂuidq0 Reference density
J Jacobian of transformationL Energy functionp Pressure of ﬂuidq Velocity of the ﬂuidT Temperatureu; v Velocity componentsx; y Cartesian coordinatesa Angle of inclination
C211;C
2
12Christopher symbolsu Arbitrary function in curvilinear net – ðu;wÞ
w Stream function
l Viscosity coeﬃcient
x vorticitySubscriptsx; y Diﬀerentiation w.r.t. Cartesian coordinatesu;w Diﬀerentiation w.r.t. u;w coordinatesAppendix B. Annex – (E-2): List of constants for viscosity l and
temperature T
@1 ¼ 3; @2 ¼ 1; @3 ¼ 20; @4 ¼ 12; @5 ¼ 6; @6 ¼ 2; @7 ¼ 10;
@8 ¼ 2528; @9 ¼ 11991400; @10 ¼ 199250; @11 ¼ 41;46770;000; @12 ¼ 1;154;954;558;152;9199;007;199;254;740;992;
@13 ¼ 7;910;070;915;803;54936;028;797;018;963;968; @14 ¼ 2;415;267;612;731;29318;014;398;509;481;984; @15 ¼ 14; @16 ¼ 120;
@17 ¼ 910; @18 ¼ 45; @19 ¼ 110; @20 ¼ 539; f ¼ PrReh0 ; i1 ¼ 252f; i2 ¼ 100f2 ;
i3 ¼ 20f ; i4 ¼ 700f3 ; i5 ¼ 140f2 ; i6 ¼ 23f ; i7 ¼ 4200f4 ; i8 ¼ 840f3 ;ith general function of degree five, Ain Shams Eng J
6 M.S. Khan et al.i9 ¼ 138f2 ; i10 ¼ 18f ; i11 ¼ 21;000f5 ; i12 ¼ 690f3 ; i13 ¼ 90f2 ; i14 ¼ 292f;
i15 ¼ 84;000f6 ; i16 ¼ 16;800f5 ; i17 ¼ 2760f4 ; i18 ¼ 360f3 ; i19 ¼ 58f2 ; i20 ¼ 8f;
i21 ¼ 252;000f7 ; i22 ¼ 50;400f6 ; i23 ¼ 8280f5 ; i24 ¼ 1080f4 ; i25 ¼ 174f3 ;
i26 ¼ 24f2 ; i27 ¼ 4f; i28 ¼ 504;000f8 ; i29 ¼ 100;800f7 ; i30 ¼ 16;560f6 ;
i31 ¼ 2160f5 ; i32 ¼ 348f4 ; i33 ¼ 48f2 ; i34 ¼ 8f2; i35 ¼ 2f; i36 ¼ 5f;
i37 ¼ 20f2 ; i38 ¼ 60f3 ; i39 ¼ 12f2 ; i40 ¼ 3f; i41 ¼ 120f4 ; i42 ¼ 24f3 ;
i43 ¼ 6f2.
Appendix C. Annex – (E-3): List of constants and functions
f1 ¼
100EcPr
h02
;
pðxÞ ¼ 10 þ x616 þ x12112 þ x18118 þ x24124 þ x30130 þ   
rðxÞ ¼ 1
x10
ð10 þ x616 þ x12112 þ x18118 þ x24124 þ x30130 þ . . .Þ
where
16 ¼
10f
30
10; 112 ¼
40f2
3960
10; 118 ¼
80f3
1;211;760
10;
124 ¼
640f4
68;891;520
10; 130 ¼
8960f5
581;935;622;400
10 and
11; 12; 13; 14; 15; 17; 18; 19; 110; 111; 113 all are zero except
16n; n¼ 1;2;3;4; . . . :References
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